The Monte Carlo method based on two-dimensional entropic sampling within the Wang-Landau (WL) algorithm is applied to simulation of a continuous model of a polyelectrolyte between membrane surfaces. Membranes are presented by parallel plane surfaces holding either fixed or mobile dipoles (representing lipid headgroups). A strongly charged polyion accompanied by neutralizing counterions is placed between the membranes. Periodic boundary conditions are imposed along X and Y axes. The volume of the main cell is varied during the simulation by shifting one of the surfaces along Z-axis. Within two-dimensional WL sampling algorithm we obtain joint density of states as a function of energy and volume in a single run. In order to increase efficiency of our calculations we introduce a number of modifications to the original WL-approach. Various properties of the system over wide temperature and volume or pressure ranges, i.e. conformational energy, heat capacity, free energy, are obtained from the two-dimensional density of states by simple integration. The osmotic pressure is calculated as a derivative of Helmholtz free energy.
I. INTRODUCTION
Interactions of various macromolecules with biomembranes are an essential part of many important cellular processes. A thorough understanding of these interactions is one of the greatest challenges in biophysical and biomedical sciences. In particular, the detailed information regarding such highly heterogeneous molecular systems and their components is extremely desirable for an effective and safe use of various oligomer and polymer (polyelectrolyte) chains in biomedical applications. The properties of biomembrane assemblies are not of only biological and biomedical, but also of biotechnological and environmental relevance, for instance in purification or catalysis processes.
Biological membranes are composed of a complex array of various lipid molecules. Membrane lipids, being organized into a bilayer structure, serve as a basic matrix for other constituents of biomembranes. Therefore, lipid bilayers, which are often considered as simplified models for biological membranes, have been extensively studied by a variety of experimental and theoretical methods (see e.g recent reviews [1] [2] [3] [4] [5] ).
Polyelectrolytes, being charged polymers under physiological conditions, are nowadays widely used in pharmacy and medicine as carriers for drug and gene delivery, as components of vaccines, etc. [6] . Polypeptide chains (such as antimicrobial peptides and their synthetic analogues) provide another example of how polyelectrolytes affect biological membranes [7] . RNA molecules are also discussed nowadays as promising agents able to prevent gene expression of desease-related proteins [8] . Also, probably the most important biological macromolecule, DNA, is a strongly charged polyelectrolyte. A distinguishing feature of polyelectrolyte systems is that their physical properties are often totally dominated by the electrostatic interactions [9] . That requires their special treatment both in analytical theoretical description of polyelectrolytes and in their computer simulations.
There exists a substantial number of studies concerning either polyelectrolyte conformations [10] [11] [12] [13] or the interactions between electrically charged surfaces [14] [15] [16] [17] [18] . However, the number of works on interactions between a polyelectrolyte and a charged surface representing biological membrane or colloid particle is still limited. Moreover, most of these studies assume a surface being uniformly charged with no explicit treatment of mobile surface charges which are present in real membranes. In a liquid crystalline state of a bilayer the lipid molecules diffuse freely within the plane. This demixing of the lipids and formation of domains in lipid membranes has been observed experimentally [19] and was also studied in computer simulations. It was shown that the lateral movement of lipid molecules plays an important role for membrane systems, e.g. in polyion [20] and colloid [21] adsorption.
Adsorption of a single and negatively charged polyion onto a surface carrying both negative and positive charges representing a charged membrane surface has been investigated by Monte Carlo simulations [20] , which showed that adsorption appeared even at a net neutral surface or at a weakly negatively charged one. One of the main reasons for this enhanced adsorption is the presence of mobile surface charges forming charged surface patches. Further development of this model was presented in paper [21] where the adsorption of colloids onto a membrane surface was investigated. In that work mobile membrane charges were given an opportunity to perform both lateral movements and also vertical protrusions out of the bilayer. One of the conclusions of work [21] is that surface polarization is more important than protrusions in establishing an attraction between a charged colloid and the net neutral membrane composed of cationic and anionic lipids.
The major phospholipid in mammalian cell membranes is phosphatidylcholine which has a zwitterionic headgroup. To the best of our knowledge there are no works concerning simulation of polyelectrolyte-membrane systems where mobile membrane charges are presented by dipoles. Our aim is an investigation of properties of the model polyelectrolyte-membrane system. The model consists of a polyelectrolyte chain with explicit counterions and of two membrane surfaces carrying mobile dipoles. We allow lateral movement of the dipoles within the membrane plane in order to look for correlation effects between the charged polyion and membrane charges representing the lipid headgroups. Volume of the system is varied during the simulation by changing the distance between the membrane surfaces.
Osmotic pressure is a natural characteristic of the effective forces acting between molecules and an important thermodynamic quantity which can be evaluated experimentally. In recent years several theoretical studies were devoted to calculations of the pressure in the case of polymer-surface interactions, e.g. in semipermeable shell in a solution of polyions [22] , in star and comb polymer-membrane systems [23] . In some recent studies of polyelectrolyte-surface interactions two surfaces are present in a model and an uncharged polymer or polyelectrolyte is confined between them [24, 25] or grafted to them [26] . In this case a net force acting upon the surfaces or an osmotic pressure as a function of the distance between them is a particular issue of interest.
There are different ways of evaluating the pressure in a simulation. For example, in work [27] the osmotic pressure was calculated from the thermodynamic relation: P osm = −(∂F/∂V ) T for the system of hexagonally ordered DNA molecules. Here F is the Helmholtz free energy of the system and in order to obtain the pressure, free energy differences of the system at different volumes should be evaluated.
When addressing problems related to conformational properties of complex macromolecules, conformational transitions or thermodynamical properties, standard modeling techniques face difficulties due to problems with sampling of the configuration space. In such situations the approaches based on the generalized ensembles techniques, entropy sampling, Wang-Landau (WL) algorithm [28] [29] [30] [31] were proved to be efficient. In the present work we use entropic sampling (ES) method within Wang-Landau algorithm. This approach unlike conventional MC methods allows to estimate the density of states in a single MC run via a random walk which produces a flat histogram in the energy and/or volume space. The resultant density of states can be used to produce canonical averages for calculation of thermodynamic quantities at arbitrary temperature and volume. The advantages of this method over other techniques are that it permits us to access directly the free energy and entropy, is independent of temperature and allows to calculate temperature and volume dependencies of various characteristics of the given chain in a wide temperature and volume range.
In recent years a number of works concerning investigation and modification of WLalgorithm appeared where issues of the convergence of the algorithm [32] , dependencies of the CPU time and the error [33] on the simulation parameters were discussed. In order to increase efficiency of the method different schemes of changing the modification factor and number of MC steps in an iteration were proposed [34] [35] [36] [37] . Other modifications of the method are associated with the limitation of the energy range accessible for the model by setting up higher and lower boundaries allowed for the energy depending on the temperature range taken into consideration [36, 38, 39] . In recent work [36] two steps WL-procedure have been proposed. During the first step the energy density of states is estimated. The second step is a production run, based on the determined density of states, during which various structural and energetical quantities are sampled [36] . If one is interested in low temperature properties and in obtaining the ground states of the system, for example, global update of the density of states can be used [40] . However, there still exist many questions concerning efficient simulation scheme within WL-algorithm.
Most of the calculations performed within WL approach deals with the density of states as a function of only one variable, usually energy. In recent paper [41] such variable was volume, or distance between two equally charged plates with electrolyte primitive model in between. However, in some cases it is useful to calculate the joint density of states of two variables, for example, energy and volume, because it allows one to obtain free energy dependence on temperature and volume or eventually pressure. Obviously, the latter case is much more time consuming because the significant number of bins is necessary to cover all the necessary energy and volume range. Recently proposed global update technique [40] speeds up the calculations of the joint density of states by automatically pushing a random walker to the states with low probabilities of realization in the statistical ensemble. However, it is a challenge to obtain a two-dimensional density of states in a wide range of energies and volumes even for a moderate size system. The plan of the paper is as follows. In Sec. 2 we discuss the model of the polyelectrolytemembrane system. Sec. 3 presents the simulation method, i.e. the general idea of entropic sampling within the WL-algorithm and some modifications of the method. The obtained results and their treatment are given in Sec. 4. Sec. 5 contains final remarks.
II. MODEL
In this study we consider a continuous model of a polyelectrolyte-membrane system. A membrane is presented by two plane surfaces, perpendicular to Z axis and holding mobile dipoles. A system of strongly charged polyion accompanied by neutralizing counterions is placed between the membrane surfaces. The polyion is presented as a flexible chain which consists of N successive beads (monomers) of unit diameter. We consider polyions with N = 8, 16, 24. Each monomer of the chain is a hard sphere which carries a unit negative electric charge. Because the counterions of the opposite sign are necessarily present in any real system to provide electroneutrality, an appropriate number of them is added. Each mobile ion is represented by a hard sphere of unit diameter and charge. A dipole of membrane is presented by two ions of unit diameter and opposite unit charges which are always confined to the surfaces. These dipoles mimic zwitterionic head groups of lipids. Centers of the dipole ions are separated by the constant unit distance so that their surfaces are in touch. In order to satisfy the excluded volume condition, the beads of the polyion chain cannot overlap (self-avoiding polymer). That is also true for the mobile ions and membrane dipoles. However, as long as we use the WL-algorithm for our simulations, self-intersections of the chain, overlaps of the mobile ions and dipoles are allowed in the course of simulations, and are then accounted for in a proper way, as it was done in our previous paper [42] . The details of this procedure are described in the next section.
The volume of the simulation cell is V = L 2 z, where L is the side length of the cell in XY directions and z is its height. The volume of the main cell is varied during the simulation by shifting one of the surfaces along Z-axis. Periodic boundary conditions are imposed along X and Y axes. In our simulations L is constant and equals to 7. The maximum value of z is taken to be equal to N − 1 while the minimum value depends on the number of monomers in the polyion as well as on the numbers of counterions and dipoles and is determined during the simulation.
Note that in our simulations the length of the polyion exceeds the simulation box size in XY directions, so that the polyion can in some configurations contact a periodic image of itself. This can be interpreted as modeling of a finite polyion concentration when periodic images mimic neighboring polyions. . In the following, we shell consider reduced temperature and set therefore k B = 1. Remembering the definition of the reduced polyion charge density ξ as the ratio of the Bjerrum length (distance at which the energy of interaction of unit charges is equal to the thermal energy) to the charge spacing along the polyion, we can conclude that ξ = 1/T in the adopted units. Thus the correspondence is established between the reduced temperature T of our model and the parameter ξ, the characteristic of real polyelectrolytes.
Polyion monomers, membrane dipoles and mobile ions interact by Coulombic potential
A correct treatment of the long-range electrostatic interactions is of great importance for simulations of electrically charged systems. It is generally accepted that the Ewald summation [43, 44] is the most consistent way to treat them, although the possibility of artifacts due to artificial perodicity introduced by the Ewald summation is still debated [45] . As it was shown in our previous work [42] for certain polyelectrolyte systems the minimum image approach gives results practically coinciding with the Ewald summation, especially for longer chains, simulated with a larger number of ions, where the screening is stronger. It coincides with the results of Ref. [20] where test simulations of polyion adsorption onto membrane surfaces were performed using minimum image convention and gave results essentially indistinguishable from those with the Ewald summation. Note also that the minimum image convention provides local electroneutrality and explicitly includes the interactions between all the particle pairs in the system, which removes in fact most of shortcomings of the simple spherical electrostatic cutoff scheme with small cutoff distance that is sometimes used in biomacromolecular simulations. That is why we use the minimum image approach in our simulations.
The surface concentration of dipoles is an important parameter which affects their mobility and correspondingly the forces emerging between membrane surfaces and polyelectrolyte.
Therefore we carry out two series of calculations for different concentrations of dipoles. The area of the membrane surface in the main cell equals S xy = L × L = 49 in both series. The number of dipoles N dpl is equal to 10 in the first series and N dpl = 15 in the second one. If we define surface concentration of dipoles as the ratio between surface covered by dipoles S cov to the XY-size of the main cell S xy we can write
Thus for the first series of calculations ndpl = 0.32 and for the second one ndpl = 0.48.
III. METHOD
Density of states Ω(E, V ) for the investigated system can be used to compute canonical averages as functions of volume and temperature by simple integration. Free energy and entropy up to a constant can be obtained from the density of states as well. Finally osmotic pressure is calculated as a derivative of Helmholtz free energy: P osm = −(∂F/∂V ) T . Thus our primary task is to obtain Ω(E, V ).
For this purpose we use entropic sampling [29, 30] within the WL algorithm [31] approach, with modifications developed in our previous works [42, 46, 47] aiming to treat polymer systems efficiently. We consider a configurational space of the system consisting of all possible configurations, including overlapping ones. Allowing the system to go through overlapping configurations is essential for fast sampling of different regions of the configuration space otherwise separated by high free energy barriers. Thus all possible configurations can be divided on overlapping and non-overlapping ones. Each nonoverlapping configuration can be characterized by a certain energy E, which we assume to be in the range between E min and E max , and the volume V in the range V min ≤ V ≤ V max . These ranges of energies and volumes are divided into a finite number of equal small intervals (I E and I V intervals of size dE and dV for energy and volume correspondingly), so that each nonoverlapping configuration belongs to one of them. Thus we have a 2D area which consists of B EV = I E · I B small squares corresponding to all possible pairs of energy and volume. In our calculations the number of such bins B EV ranges approximately from 1300 to 5700. The number of bins B Ω which were actually visited during the simulation is slightly less than B EV . Values E min ,
B Ω for the different polyion lengths and concentrations of the dipoles are presented in Table 1 .
Actually, since very high energy states are not important for calculating canonical properties at finite T > 0, the boundary of detailed division into energy boxes E max for each V is chosen to be lower than the maximum energy possible in principle. For all nonoverlapping states with energy E > E max and with a fixed volume a single bin is assigned. Minimal possible energy E min is determined in the simulations.
As in previous work [42] , another set of bins is introduced for overlapping configurations.
We sum overlaps of the polyion's beads and free ions with each other and with the dipoles.
Intersections of the dipoles are not allowed. The degree of penetration of the polyion's beads and free ions behind the moving membrane surface is determined as the difference of z coordinates of the surface and of the particle and is added to the number of overlaps.
Penetration of the particles behind the unmovable membrane surface (fixed at z = 0) is not allowed.
In principle, we can use one single bin for all overlapping states and get its normalized weight during calculation. However, as it was clearly shown in our previous work [46] , such an approach is not stable, and hence it is necessary to introduce a scheme with a set of bins for overlaps. Each such bin corresponds to configurations with a certain number of overlaps for a fixed volume. The number of bins describing overlapping for each V depends on the length of the polyion and is taken to be in the range 30 − 100. Every possible number of overlaps less than this boundary value is associated with a separate bin, and one additional are presented in Table 1 as well.
Each configuration of the simulated system can have either a definite number of overlaps or, if no overlaps occur, would have definite energy and volume. Thus any configuration of our system can be attributed to one of the bins of the first or second type. For the completely random sampling, the share of nonoverlapping conformations decreases with the increase of the length of the polyion and of the concentration of the dipoles, and for the largest system considered in our work, N = 24 and N dpl = 15, falls to about 10 −15 .
We perform a random walk in the whole configurational space, allowing overlaps, according to the WL procedure. As long as we implement two-dimensional ES-WL sampling algorithm the density of states Ω depends on two parameters: energy (or number of overlaps) and volume. Index i corresponds to the first parameter (energy or the number of overlaps) and j -to the latter one (volume). As in previous works [42, 46, 47] , it is convenient to introduce the entropy distribution S ij = ln Ω ij (initially all S ij = 0). Two sets of counters are introduced: one accumulates S ij for each bin (entropy counter); another one, n ij , counts visits to the corresponding states yielding at the end of the run the normalized visit proba-
(the histogram). The aim is to achieve a flat distribution, p ij , over all the states.
A MC step includes a standard trial change of the state with a uniform coordinate
other surface has a fixed position at z = 0 during the simulations. In order to change the position of a randomly chosen ion we make a shift along one of the axes X, Y or Z. In order to change the conformation of the chain we perform steps of three different types:
1. We choose homogeneously one of the beads from 1 to N − 1 (e.g. the k-th) and change randomly the directions of the chain link between beads k and k + 1. The remaining piece undergoes a parallel shift. As long as we do not intend to change the energy of the system strongly in a single step, the trajectory displacement is made this way small.
2. We choose homogeneously one of the beads from 2 to N − 1 (e.g. the k-th) and rotate it randomly around the direction connecting the beads k − 1 and k + 1 (the so called crankshaft move).
3. Reptation of the chain is also used: we cut off a segment from one end of the chain (which is chosen randomly) and build a new one at the opposite end in a random direction.
Changes of positions of randomly chosen dipoles were performed by steps of the following three types:
1. The dipole is shifted along X and Y axes.
2. Random rotation of a dipole.
3. Flip of the dipole's charges.
In order to clarify the role of mobile dipoles on the surface of membrane, some simulations were carried out with dipoles fixed at the surface. It such a case, the dipoles were located in a regular manner, with favorable (plus to minus) orientations of neighbouring dipoles to each other.
The trial steps are accepted with the following transition probability condition [31] :
If
is augmented by ∆S, and the corresponding counter of visits (n ij or n i ′ j ′ ) is increased by 1.
A series of such elementary steps constitute a sweep. According to the original WLalgorithm [31] , at the end of a current sweep ∆S had to be decreased: ∆S → c∆S by a factor 0 < c < 1 (in [31] c = 0.5, and the initial value ∆S = 1 were used). After several sweeps the S ij dependence is formed and finetuned in the whole range of configurations. At the same time, the probability distribution of visits, the histogram p ij , becomes flat, with probabilities approximately equal to the inverse of the number of bins. Under conditions that the increment ∆S is negligibly small, and the histogram p ij is flat, the accumulated S ij values correspond to the microcanonical entropy, and Ω ij to the density of states at given values (E i , V j ).
In our previous work [42] we used factor c = 0.9 which resulted in increasing number of series required to reach small enough ∆S values (about 130 series vs 25 series corresponding to c = 0.5). At the same time such slow decreasing of ∆S provided more stable sampling of the energy space and allowed us to obtain canonical properties of the system for the low energy area. In the present study we are interested in the behaviour of the system occurring at effective temperatures close to T = 1. That is why we use a more economic scheme with c = 0.7, where the value of ∆S decreases from 0.1 to 8 · 10 −7 through 34 series.
In the present work we use a two stage procedure to obtain Ω ij . The first stage is the standard WL approach with c = 0.7 which is described above. The second one is used to obtain more accurate distribution Ω ij . During the second stage we calculate the correction to Ω ij which properly takes into account the deviation of the probability distribution of visits from the uniform one. We perform a random walk satisfying the transition probability condition (2) and take ∆S = 0. Unlike the first stage the entropy of accepted states S ij (and therefore the distribution Ω ij ) now remains intact. Counting of the visits n ij is performed as usual. Second stage approximately takes the same amount of MC steps as the first one and at the end of it we obtain the histogram of visits p ij which is close to the uniform one but is not completely flat. Entropic sampling method can be considered in our case as a simulation in the microcanonical ensemble expanded by two parameters: energy E and volume V . We employ here the idea presented in [28] for the expanded ensemble method: the natural logarithm of the ratio of visits to two different subensembles is added to the calculated entropy. Thus we analogously add the natural logarithm of probability distribution of visits to the entropy:
This way we take into account the deviation of the histogram of visits p ij from the uniform one and thus refine the distribution S ij . Since at the second stage ∆S = 0, conditions for the Markov chain are strictly satisfied, which allows to avoid problems related to saturation of statistical error, and evaluate accuracy of simulations by running a few simulations of the same system using different sets of random numbers [48] .
During the first stage the number of steps in our simulations starts from 100000 in the first series and is multiplied by 1/ √ ∆S in every following one. Of course, it is desirable if the system visits every bin during each series. In our case this condition can not be fulfilled within a reasonable time due to the complexity of the system under investigation. That is why we require that the system visits at least 70% of bins during a specific series. Since we decrease ∆S quite slowly the landscape of entropy S ij is smoothed down in following series.
The number of steps for the second stage of calculations is of the same order of magnitude as for the first one and we apply additional condition that the 99% of the bins visited during the first stage are visited on the second stage. The bins which are not visited at the second stage do not take part in the calculation of canonical properties.
There exists a well known problem of getting out of the state which was found at one of the later sweeps [42] . When the quantity of ∆S is already small it takes a long time to accumulate large enough entropy to provide a reasonable acceptance probability (2) to leave the state. Here we introduce an improved procedure to decrease the number of steps necessary for the system to leave such a state and continue visiting the other ones. After each sweep we subtract the lowest entropy S min = min ij (S ij ) from every value of S ij :
This procedure keeps the entropy difference between old and newly visited states minimal and helps system to sample states more efficiently. At the same time the procedure does not change the Ω ij landscape itself.
During simulation we determine the entropy S ij corresponding to each bin, which can then be converted into the normalized density of states Ω(E i , V j ) taken over nonoverlapping configurations only:
The distribution Ω(E i , V j ) obtained within the WL procedure can be used for calculating canonical properties, i.e. conformational energy, heat capacity, entropy, free energy etc, over wide temperature and volume ranges according to standard relations, e.g. for the internal energy we get:
E 2 is calculated in the same way, yielding the heat capacity as a function of temperature for a fixed volume:
In the expressions (5) and (6) the normalization of Ω(E i , V j ) is not important, since it enters both numerator and denominator in (5) and any constant factor cancels.
Osmotic pressure is calculated as a derivative of Helmholtz free energy:
As we are interested in the derivative of the free energy an additive constant to F is not important and we can compute F as:
The two-dimensional density of states Ω(E, V ) allows one also to compute averages in N P T -ensemble for any given pressure P and temperature T , making averaging with the additional factor e −P V /T . For any physical property A the NPT-ensemble average can be computed as:
where A ij is the computed during simulation average value of A taken over configurations corresponding to given bin {ij}. For example, average volume corresponding to given pressure P can be determined:
Equation (10) represents an alternative way to obtain P (V ) dependence. In the present work, we used the both ways to compute the osmotic pressure.
IV. RESULTS
The basic result of our WL-calculations is the density of states Ω(E, V ), which enables us to obtain canonical averages in a wide temperature range for different volumes. growth of energy at higher temperatures. Similar behaviour was observed in our previous study of unconfined lattice polyelectrolyte [42] Comparison of simulations with fixed and mobile dipoles (Fig. 3a) shows that at low temperatures lower energies can be reached in the case of mobile dipoles. In the case of higher concentration of the dipoles N dpl = 15, Fig. 3(b) , the asymptotic value of energy at low temperatures is lower than for the case N dpl = 10. With the increasing of temperature the curves corresponding to greater volumes raise steeper and achieve higher levels of energy.
The dependency of heat capacity on temperature at constant volume, C V (T ), is often used as one of the ways to determine the temperatures areas of phase transitions. In Figs. 4(a) and 4(b), temperature dependencies of heat capacity are presented for the system with N = 24 and N dpl = 10; 15, as well as for the cases with fixed and mobile dipoles at the surfaces. The obtained C V (T ) isohores look similar to the corresponding curves for a free lattice polyelectrolyte [42] : the functions tend to zero at low and high temperatures, have a tall peak at their left side and a long high-temperature shoulder. For lager separation between the surfaces (z = 15), the heat capacity maximum is moved to temperature about 0.2, that is the same value which was observed for free polyelectrolyte in paper [42] . It was demonstarted previously [40] that too coarse discretization of energy within the WL algorithm can lead to inconsistent calculations of temperature dependent thermodynamics properties, for example heat capacity may acquire false peaks. For the system with N = 24
and 10 mobile dipoles we have made a few test computations with different descretization of energy, taking dE equal to 2, 1, and 0.5, obtaining very similar result for the last two values.
From this we concluded that the observed peaks of heat capacity reflect the real behaviour.
The investigations of coil-globule, liquid-solid and other transitions of a single uncharged homopolymer have been made within Wang-Landau algorithm, for example, in papers [49] [50] [51] . It is concluded that for the homopolymer high temperature peak (or shoulder) on C V (T ) curve corresponds to coil-globule transition and the high peak at low temperature -to the liquid-solid one. Nevertheless, for the polyelectrolyte-membrane system electro- surfaces, and can be used also for calculation of the osmotic pressure by numerical differentiation.
Comparing E(z) (Figs. 2(a) and 2(b)) and F (z) (Figs 5(a -d) ) curves, one can note that while the energy often has a minimum at some distance between the surfaces, the free energy curves do not have such one. That is, despite the presence of energy minimum, the interaction between the surfaces in all cases considered here is repulsive, evidently due to strong entropy effects. Our test calculations showed, that only by choosing very low temperatures, below 0.07, one can in some cases obtain a minimum at the free energy curve.
Such low values of the reduced temperature are however not relevant for real membranes and polyelectrolytes in aqueous solutions.
Another observetion concerns the role of mobility of dipoles at the surface. Fig. 5d demonstrates, that while at larger distances between the surfaces the mobility of dipoles does not play a major role for the interaction (free energy) between the surfaces, at small distances the systems with fiexd dipoles show stronger repulsion. Thus one can conclude that mobility of dipoles at the surfaces gives attractive contribution to the total force between the surfaces, though this attraction cannot overcome the overall repulsion.
In Figs. 6(a-d) , volume dependencies for osmotic pressure for all considered polyion In Fig. 6(a) , which represents the case with the polyion consisting of 8 monomers one In Fig. 6 (e), osmotic pressure between membrane surfaces with mobile dipoles, but in ansense of polyion and mobile ions is shown. One can see that in such case, the pressure is weakly negative, which corresponds to attraction at small distances between the surfaces.
This attraction, arising due to dipole fluctuations, has the same origin as Wan-der-Waals effect, and it was demonstrated previously for the case of two surfaces containing mobile dipoles and separated by dielectric media, by perturbation calculations and direct Monte Carlo simulations [52] .
While NVT and NPT description seems to give consistent data for P (V ) isotherms, an interesting question may be how large volume fluctuations one can expect under condition of constant (osmotic) pressure. Volume fluctuations are related also to the compressibility of the system. Distribution over volumes at given pressure is easily obtained from the free energy curve as: 
V. CONCLUSIONS
In this paper we extended our previous ES-simulations of polymer and polyelectrolyte models within WL-algorithm [42, 46, 47] applying it now to a continuous model of a polyelectrolyte between membrane surfaces. Within two-dimensional ES-WL sampling algorithm we obtained joint density of states Ω(E, V ) as a function of energy and volume in a single run.
Various properties of the system over wide temperature and volume or pressure ranges, i.e.
conformational energy, heat capacity, free energy, were obtained from Ω(E, V ) by simple integration (summation). Finally osmotic pressure was calculated as a derivative of Helmholtz free energy, and from inverting V (P ) dependence computed in the NPT-ensemble.
The advantages of the used scheme are the nearly uniform sampling of all possible states according to WL probability of transitions and that overlaps of polyion monomers, counterions, dipoles are not rejected but are accounted for in a proper way which results in better sampling of rare configurations of the system and easier barrier crossing. In order to increase efficiency of our calculations we introduced a number of modifications to original WL-approach, i.e. expanded ensemble corrections to the density of states Ω(E, V ) at the final stage of calculations and a way to avoid being "stuck" in a newly found states by extracting the lowest entropy from S(E, V ) distribution.
Another advantage of the used two-dimensional WL scheme is that the Helmholtz free energy is obtained as a function of volume. In "normal" one-dimensional WL method at constant volume [31] , one can determine the free energy by coupling the system with some reference state of known free energy, as it was done in our previous paper [42] . This is not necessary within the present approach, since the free energies computed for different volumes, have the same additive constant which disappears upon derivation.
The presented two-dimensional ES-WL sampling scheme can be readily applied for studies of equilibrium thermodynamic properties of even more complicated and realistic models giving an opportunity to obtain canonical averages in N V T and N P T ensembles. In order to investigate phase transitions in the system different configurational properties, e.g. radius of gyration, end-to-end distance for the polyion etc., can be calculated as well.
Our calculations have been done for different polyion lengths and concentrations of dipoles on the membrane surfaces. What may seem somewhat surprising in the results, is that we did not observe appearance of effective attraction between such surfaces in any of the studied cases. It was demonstrated on many examples that oppositely charged surfaces may attract each other due to the presence of oppositely charged multivalent ions or polyions between them [14, 25, 41] . In average neutral surfaces containing mobile dipoles attract each other due to well known van-der-Waals (London) effect [52] . A flexible polyion surrounded by counterions contracts when the reduce temperature falls down below 1 and finally collapses to a globular state at reduced temperature about 0.2 [42, 53] . In our systems we observed only decrease of repulsion between the surfaces at lower temperatures. A plausible explanation of this may be that our system contains too many mobile components (mobile dipoles, ions, and flexible polyion), and decrease of entropy upon contraction or cooling of such system has a larger role compared to the case when dipole surfaces, or a polyion are taken separately of each other.
